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On the Stationary Measures of Anharmonic Systems
in the Presence of a Small Thermal Noise
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We consider certain small stochastic perturbations of a d-dimensional infinite
system of coupled anharmonic oscillators. The evolution law is reversible in the
Yaglom sense, thus Gibbs states with the given interaction and temperature are
stationary measures. If d<3 then some stability properties of the interaction
imply the converse statement; if d> 2 then the same is proven for translation
invariant measures only. The methods and results of Ref. 4, 6-8 are extended to
second-order systems of stochastic differential equations.
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free energy; relative entropy; singular integrals.

1. INTRODUCTION

One of the most fundamental problems of statistical mechanics is certainly
the description of the set of stationary states of the Hamiltonian dynamics
of infinite classical systems. It is well known that every Gibbs state with the
given interaction is in fact a stationary measure, but the converse statement
is somewhat problematic. There exist some exactly solvable models as the
free dynamics and the harmonic crystal, where the presence of some
additional conservation laws gives rise to some new stationary states (see
Ref. 13). The main purpose of this paper is to demonstrate that in the
presence of certain arbitrarily small stochastic perturbations such a
degeneration of the set of stationary states is not possible any more. Of
course, we arc not able to discuss this question in a full generality; we
investigate lattice models with the simplest but most natural kind of
stochastic perturbations.
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Let us consider a countable set S of one-dimensional oscillators of unit
mass. Configurations of the system are represented as @ = (py, §r)ies>
where p, e R and ¢, € R denote the velocity and the position of oscillator
ke S. We are assuming that S is a connected graph, the set of neighbors of
site ke S will be denoted by S,; ie, jeS, and keS; are equivalent.
Neighboring oscillators arc interacting by a symmetric pair potential U, the
system is stabilized by an external field, A, and each oscillator is connected
to a thermal reservoir of temperature 7>0 and damping 4>0; ie., the
evolution law is given by the system of stochastic differential equations

dpk: _h/(qk) di— Z Ul(qk—'qj) d[*/ﬂhpk dl+,/2/1Tde

J€ Sk

dg,=p,d, keS§ (1)

where w,, ke S is a family of independent, standard Wiener processes, A’
and U’ denote the derivatives of 4 and U. Infinite systems of this kind are
discussed in Ref. 2,3, 15. The problem of existence and uniqueness of
solutions to (1) can be solved essentially in the same way as for
Hamiltonian systems.® We are not going to prove the best existence
theorem, our conditions are subordinated to the problem of stationary
measures. Under some natural conditions on 2 and U, (1) defines a
Markov process, P’ in a space 2 = (R?) of allowed configurations to be
specified later. This configuration space is so large that p(2)=1 for a wide
class of probability measures including the Gibbs states for the given
interaction. Introduce

Hyo)=1pi+hg)+ Y Ulgi—g)) (2)
jeSk
the energy of the oscillator at site £ € S, then u is a Gibbs state with poten-
tial £ and U at temperature 7' if the joint conditional density of p, and g,
given p; and g, for j # k is proportional to exp(—1/7T H,(w)) for each k€ S.
The formal generator G of P’ can be written as G =L+ AG,, where

Lo = Z [pkvqk(P_(quHk) Vpkq)] (3)
keS
is the Liouville operator, which is conservative, and
Goo= 3 (TV0~ PV 9) (4)
keS

is a dissipative generator, while V,, and V. denote differentiation with
respect to p, and g,. Let C2 denote the space of local functions
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@: (R)®—>R with two continuous derivatives, then ¢eCj implies
V@ =V =0 for all but a finite number of k€ S, thus G is well defined
on CZ.

Suppose now that u is a Gibbs state for # and U with temperature
T>0, and observe that for ¢ € C2 we have

Lo=T Y ™[V (e ™ 7V,.0) =V le TV 0)] (5)
keS

G,o=T Y ™"V, (e""™"V, 0) (6)
keS

thus integrating by parts we obtain for ¢,, ¢, e C3 that

[0:602du= 1T T [(V0)(Vpe02)

keS

+ T Y [ [Vu0)Ve02) = Vo0 ) (Ve 02) T dt - (7)

keS

provided that the expectations make sense. In contrast to the usual rever-
sibility property

qulGrpz d#=f<pz@<p1 du (3)

introduced by Kolmogorov?® and often referred to as the principle of
microscopic balance, (7) is obviously equivalent to the reversibility

property
J%chzdu=f FGof du ©)

introduced by Yaglom [16], where ¢*(w) = @(0*) and 0* = (—pi, Gi)ies
if w=(py, qe)rcs- Notice that Hamiltonian systems satisfy (9). Putting
@,=1 we see that both (8) and (9) imply the stationary Kolmogorov
equation ,

[Godu=0 for geC3 (10)

whenever the expectation makes sense. More intuitively, (9) means that the
probability measure of the corresponding equilibrium process is symmetric
with respect to the reflection w(z) —> @™ (—1) of trajectories; (8) is related
to the symmetry w(¢) — w(—1t). Let us remark that (1) seems to be the sim-
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plest stochastic system of interacting components which is reversible in the
Yaglom sense. The formal generator of a wider class of processes satisfying
(9) decomposes as G =L+ G,+ G, where

Lo=T Y er/T[qu(erRHk/TVpk(P)_Vpk(er—Hk/Tqu(p)] (11)

keS
T
G”(P:E Y. TV (ate TV . 0) (12)
keS
T
Gq(P:E Z er/Tqu(blzce_Hk/Tqu(p) (13)
keS

F,, a,, and b, are arbitrary symmetric functions, i.e., F¥ = Fy, a¥ = a,, and
¥=b,.

The idea that one can use information-theoretical methods to prove
ergodic theorems for Markov processes goes back to Rényi."? The main
point is that the measures of information like the relative entropy with
respect to the equilibrium state are monotonic functions of time. In the case
of infinite systems only the local versions of such quantities make sense,
and they are not monotonic anymore. Nevertheless, under the additional
condition of reversibility in the Kolmogorov sense, Holley® managed to
control the relative entropy (i.e. the free energy) of the finite-dimensional
distributions of stochastic Ising models in translation invariant situations;
he proved that every translation invariant stationary measure is a Gibbs
state for the given interaction and temperature. This method and result was
extended to nontranslation invariant stationary measures in dimensions
one and two by Holley and Stroock.!”” For the treatment of some con-
tinuous spin systems (stochastic Heisenberg models) see Holley and
Stroock® and Fritz.) Here we are going to adapt this technique of free
energy to interacting diffusions which are reversible only in the Yaglom
sense. The basic ideas are quite easy. Since e is a group, the Hamiltonian
part of the dynamics preserves the relative entropy with respect to any
equilibrium state, and the free energy is just a linear function of the relative
entropy with respect to the equilibrium Gibbs state. On the other hand, the
dissipative component, ¢’®# is reversible in the Kolmogorov sense, but it is
acting in the space of velocities only. Therefore we expect that the free
energy decreases unless the state we consider has a Maxwellian distribution
of velocities, whence the Gibbs property follows by the stationary
Kolmogorov equation (10). This argument is trivial for finite systems, in
the case of infinite systems we have to understand that every stationary
measure admits smooth local densities, and some boundary effects should
be controlled, too. Since G is a degenerated elliptic operator, the Malliavin
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calculus of Ref. 8 does not work in our case; the regularization trick of
Ref. 4 will be used. The crucial step of the proof is the choice of the
singular integral defining the approximating family of local densities. As in
Reference 4, all calculations are based on the existence of some moments.
Under some more or less natural stability properties of the interaction we
prove that every stationary measure satisfies the moment conditions we
need.

1. MAIN RESULT

First we summarize our conditions on S, A, and U. For each k€ S we
define a sequence of boxes centered at k by A(k)={k}uUS,,
A (k)= v A(j) for jed,_ (k) if n>1, the boundary of A,(k) is then
defined as B, (k)=A,(k\A,_(k); B(k)=S,. If § is a distinguished
element of S, then |k| denotes the distance of k€ S from 8, ie., |k| =minn
such that ke S,(6). We are assuming that

sup card S, < + o0 (1.1)
keS8
B
lim sup 4B0M) _ (12)

now ,ogcard A,(m)
Y [card B,(8)] '= +© (1.3)
n=1

Notice that (1.2) implies lim e =" card 4,(6)=0 for each e>0as n— oo. If
S=7% the d-dimensional integer lattice, and S, contains the nearest
neighbors of k, then (1.3) is possible only if d< 2. In translation invariant
situations (1.3} is not needed.

Our conditions on the interaction are the following. The potential
functions #: R — [0, c0) and U: R — [0, c0) are assumed to have two con-
tinuous derivatives, U(x)= U(—x), and we have some a >0 and b > 0 such
that xh'(x)> —b, xU'(x) = —b, and

x?+ 2+ Ux—y)<a[l+2b+xh'(x)+ yh'(y)] (1.4)
[h'(x)—h'(f)}2+l:U'(x‘J’)—U’(f_f):r
X=X [x—x[+|y—Jl
<a[ 1+ h(x) + h(E) + h(») + h(5)], (1.5)

[ W (x)—h'(X) T +[ Ux—y)-U(x—7) T
lx — x| + |x— x| lx—X|+|y—Jl + x—%*+|y—pI*
<al[l+4b+ xh'(x)+ yh'(y)+ xh'(x)+ yH (P)] (1.6)



30 Fritz

These conditions are automatically fulfilled if 42" and U” are bounded, and
liminf A"(x)>0 as x— +oo. Notice that both A"(x) and U'(x) are
necessarily bounded by a quadratic function of x.

We shall show that (1) defines a Markov process P’ in the con-
figuration space Q2 defined as

2
Q= [w e (R*)%: sup l+—h(—qi)ip—"< +o0 forsome o< 4:| (1.7)
kes  LHk|”

Equip Q with the product topology and the associated Borel field, and let
C2, = C} denote the space of bounded cylinder functions with continuous
and bounded first and second derivatives. If ¢: 2 — R is measurable and
bounded, then P’p = P’p(z) denotes the conditional expectation of ¢@(w(r})
given w(0) =z, where w(t) is the process defined by (1) in a sense to be
specified in the next section. The minimal requirement concerning P is that
B, the space of bounded measurable functions ¢: 2 — R is mapped into
itself by P’ There are several methods to construct solutions to (1). Here
we follow Ref. 2, 3 and prove

Theorem 1. Suppose (1.1), 1.2) and (1.4), (1.5), then there exists a
transition semigroup P*: B — B such that for ¢ € C3, we have

P’qu(p-f—fr P'Gods 1|
0

The conditions of this theorem are far from being optimal; as a matter
of fact, a hierarchy of existence theorems can be imagined. If (1.4) and (1.5)
are weakened, then (2, the space of allowed configurations, gets smaller (see
Ref. 2). On the other hand, assuming that #” and U” are bounded, we can
allow initial configurations with an exponential growth rate (cf. Ref. 3).
The reason for presenting Theorem 1 is economy of the paper. To prove
that every stationary measure satisfies certain moment conditions, we need
an a priori bound, and this a priori bound yields Theorem 1 at the same
time. Although we have a uniqueness result for strong solutions to (1), we
do not know that the Markov process of Theorem 1 is uniquely deter-
mined by the Kolmogorov equation given there. Of course, this equation
makes sense only if P’ satisfies some moment conditions. Therefore on the
Markov process defined by (1) we always mean the process to be construc-
ted in Section 2, where the moment conditions mentioned above are
verified, too. Let us emphasize, however, that this preferred process is not
arbitrary; it will be constructed as the limit of the associated finite-dimen-
sional processes.
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Theorem 2. Let >0, T>0 and suppose (1.1}-(1.6), then every
stationary measure of P’ is a Gibbs state for U and 4 at temperature 7. |

This result can be formulated without any reference to the dynamics.
One can replace the condition of stationarity by its consequence (10) for
¢ eC2,, provided that all coefficients of G have finite expectations. The
structure of the proof can be outlined as follows. Intreduce

1 1 1
sor=ep(— 1 ¥ [Foitia+; T Uw-a)|) (8

ked, JjeSin Ay,

where A, = 4,(6), and for any probability measure u on € let

() = | (e, ) p(dd) (1.9)
where

g(p.q)=co(l+op*+0g) >, ([ elp. q)dpdg=1

and

gn(wa a_)): 1_[ g(pk_p—ka qk_q_k)

ked,
P and g, denote the coordinates of @ € £, i.e., @ =Py, i )rcs- Since g, 18
a singular integral as ¢ - + o0

U,(@)
Zn(w)

1n=fu,,(w) log dnwzﬁ g.(0, ®)log

1D) oy u(dd) (1.10)

z,(w)
approximates the free energy of u in A,; here and later the abbreviation
d,0= H dp,. dq;
ked,

is used. Suppose now that y =y, evolves with time according to (1), then
du,/dt = [ Gg,(w, @) p(di), where the bar indicates that the generator is
acting on g, as a function of &, thus

dl, (.,  u,(o)
dt flog z,(w)

provided that the expectation makes sense. Integrating by parts we obtain

Gg (0, @) p(dd) d, (L.11)

D JTY Fum)+T Y, Guln)+ Rin, o) (112)

dr ke, keB,
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where B, = B,(#) is the boundary of A, lim R(n, 0)=0 as ¢ - +0o0, and
the dominant terms read as

Fk(n)=ju,,(w) [V,,klog E ;] d,o (1.13)

Therefore, if u is a stationary measure, then we expect that F,(n)—0 as
o — +00, ie.,, 4 has Maxwellian velocities of temperature 7, whence the
Gibbs property of u follows by an additional, but easy calculation via (10).
In order to let this argument work on a rigorous level, we assume first that

sup [ [p3+qeh'(q0)] mldw) < +o0 (1.14)

keS

then (10) makes sense for all ¢ € C3,, thus we have

ﬂf( E ))> Gg (w, ®) p(dd) d, =0 (1.15)

whenever f: R — R is bounded. Now, following Ref. 4, we can integrate by
parts, and letting f go to log x we conclude that lim F(n)=0 as ¢ - +c0,
which implies the statement. Finally, exploiting (1.4) we show that every
stationary measure satisfies both (1.14) and (1.15), which will complete the
proof.

Just as in the case of stochastic Ising models (see Ref. 7) (1.3) can be
relaxed in translation invariant situations only.

Theorem 3. Let 1>0, T>0, suppose (1.1), (1.2), (1.4), (1.5), (1.6),
and let S be a group with neutral element 6 such that S, =kSy for each
ke S. If uis a stationary measure of P’, and p is invariant under all trans-
lations T,,, me S defined as T, = (P> @i )ice s If @ = (Pi> Gr)xe s, then p
is a Gibbs state for U and /& with temperature 7. §

Since (1.1), (1.2), (1.4), and (1.5) are conditions of all three theorems,
their validity will always be assumed in the forthcoming proofs.

2. CONSTRUCTION OF THE STOCHASTIC DYNAMICS

In this section we derive some a priori bounds implying the existence
of the Markov process we are going to investigate later. The very same
technique yields (1.14) for arbitrary stationary measures of P’. These
calculations are based on the following couple of Liapunov functions (cf.
Ref. 3,4). For me S, we Q2 and >0 let
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1 1
0uw)= T e | S pithig)+3 T Ulai—g) |
kes 2 Jje Sk
]” —dp(km) )v 2
+ 7 2 e ’ Pk9k+'2“:Ik (2.1)
keSS
W)=Y e %1+ b+ pi+q.h'(q:)] (2.2)
keS

where p(k, m) denotes the distance of k and m in S, ie., p(k, m)=minn
with ke A,(m). In view of (1.4), U{x— y)} is bounded by a linear function
of A(x) and A(y), thus both Q,, and W, are well defined on Q for each
0>0. Moreover, we 2 if, and only if

2ol
mes 1+ [m|®

< +o0 for some o <4 {2.3)

Indeed, if we Q2 then we have some C >0 and ¢ <4 such that

Q) C Y e (14 [k

keSS

2C(L+ml?) 3 (1 +p°(k, m)) e %0&m
keS

whence (2.3) follows by (1.2); the converse statement is trivial.

Lemma 1. We have a universal constant X such that

GO fw)< [:5K(1 + Ay e® ~§} W (0)+ MT+K) Z o~ dplk)

keS
forall we 2, me S, and 6>0.

Proof. ¥ weQ then the terms of GQ,, can be rearranged, and a
direct calcuiation yields

J
GOn=7 2 e QT — p—gih'(qu))

ke

1 .
+3 Yo N e Um =% (p 4+ p) Ulgr—aq,)
keS jeSi
1 . ,
y Y Y Lge V™ —ge % MU g, ~q))

keS je St

+

822/44/1-2-3
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Observe now that

|€ —dp(jim) _ e—é(k»*n)l <8 and e —2plim) < gl —drtiem)
if je S,, while

2qj€ —dp(jsm) __ 2g,e —oplh,m) _ (qj +q,)(e —dplim) _ o —5P(k,m)]

+ (g;— g )[e P 4 g=dptem)]
thus comparing

A A
2{0=a) (pet p+ a5 0)| <0+ 0 Ua—a)

A A
t Pt Gt 54
and —(g,—q,) U(q.—q,;)<b, we obtain the statement as a direct con-
sequence of (1.4).
Our a priori bound for the construction of solutions is the following
consequence of Lemma 1.

Lemma 2. Suppose that S is a finite set, and J >0 is small enough,
then for each strong solution @ = w(¢) to (1) we have a family R, me S of
random variables such that P[R,,>c+u]<e ™ and

sup Q,,(w(s)) < [1+ Q,(w(0)) + R, ] e

st

for all £>0 and m >0, where the constant ¢ does not depend on S, w,
and m. |

Proof. The stochastic differential of Q,,(w(z)) reads as
de=Gdet+ Z rk dwk

keS
where

A
re=/2ATV,.0,, = 2/1Te‘5”“"’")<pk+—2—qk> (2.4)

Therefore, if 2AK(1 4 1) e < A, then Lemma 1 implies
de '(1+Q,)= —ce “"(1+Q,)dt+e “"dQ,

SMT+K)e Y e ®m dr Le 22 dt

kesS

+ 3 (e r, dwy — e *rl dt)
keS
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Introduce now

1
R,=c+sup ) f (e “ry dwy — te = 2r2 ds)

t>0 keSO

and notice that (1.2) implies Y e *?%™<c,, while (1.4) vyields
Y ri<c¢,+¢3Q,,, which implies the inequality of Lemma 2; the bound on
the tail of R, is just the favorite maximal inequality of Ref. 11.

Now we are in a position to construct solutions to the infinite system

(1).

Proposition 1. In the special case of S=4,(0) we denote by
0™ =w™(1,z) the strong solution to (1) with initial condition
@0, z) =z Q. Then the limiting process @ = w(t, z) exists in the sense
that

P[ lim sup (|p{(s, 2) — pals, 2)| + 1g{(s, 2) = (s, 2)] ) = 0] = 1

n—o 0 ey

for all >0, ke S and zeQ, where @™ = (p{", ¢ )ic 1,0 This limiting
solution is actually a strong solution to (1) satisfying the initial condition
w(0, z)=z as well as the conclusion of Lemma 2, and there is no other
solution with these two properties. |

Proof. Introduce

d(t)=max e~ * | p"+ (s, z) — p{(s, z)|

st

and
Dt r)= max d{(¢)
ke A (m)
Let ke A,_,(0), then (1) yields
e (e, 2)— (s, 2) < [ (gl )~ B (gf)] e d
0
+ ¥ [0 g ) = U - g e

je Sk

and
— At 1 — At ! 1
e gl 0t 2) =g ) <e T [ g — pp) ds
0

<e [ P apis) ds< [ " do(s) ds
0 0
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as >0, thus comparing (1.5) and Lemma 2 we obtain that

1
d(t) < Le“?[1 + Qi(z) + RV + R+ V]2 f (t—s)DM(s, 1) ds
0

where L is a universal constant, R{” denotes the random variable
associated with »'® in Lemma 2. Therefore as z € 2, we have a ¢ <4 such
that for r<n—2

1
D§(t, )< Lye (1 + 1) j (¢—5) DY(s, r+ 1) ds
0

where

L = max L[l+Qm(z)+R(’1)+R(n+1)]1/2(1+|ml),0_/2

"
me Ay(0)
and with some ¢ = c&(z) we have

P[L,>c+u]l<2 ¥  exp(—u(l+|m|"?)

me A,(0)
This inequality can be iterated n — r — 2 times, and we get

DY )< (L)
L, [L,e —_—
o (2n—2r—4)!

Since 0 <4 and ¢ 1 may be assumed, an easy calculation results in

P[ f dy(e) < +oo:1=1

n=1

for all >0 and k € S, which proves that ' — w as n — +co. The integral
form of (1) and the estimate of Lemma 2 follow by a straightforward
procedure via Lemma 2, while the uniqueness result can be proven by
means of the above iteration method with the simplification that the num-
ber of allowed iterations is not limited.

Proof of Theorem 1. As a limit of solutions to finite systems, the
general solution, w =w(?, z) is a jointly measurable function of >0 and
ze £, thus P¢, is well defined and it is measurable for each measurable and
bounded ¢:Q2 - R. Let G, and P denote the formal generator and the
semigroup associated with @, If ¢ is a continuous and bounded cylinder
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function, then P% ¢ — P'p as n — oo follows from »' — w for all >0 and
ze Q. Finally, if ¢ € C2, then the Ito lemma and (2.3) yield

t
[P’;(pz(p%-f PG, ds
0
which completes the proof by letting # go to infinity. [

Our a priori bound for the stationary measures is based on

Lemma 3. Suppose that u(2)=1 and | Gg du=0 whenever Go is
well defined and bounded on , then u satisfies (1.14) §

Proof. QObserve that if ¢>0 and 6 >0 then

Ge = —ge GQ,, +e%e O Y 2
keS

is well defined and bounded on Q. In view of (1.2} the quantity

M(@)=(T+K)sup Y e %% "< 400

meS keS

for each & >0, thus specifying & as the unique solution to 46K(1+ A) e’ =1
we obtain from Lemma 1 that

Ge~*%n> gA[LW,, — M()] e @

thus taking the expectation of both sides and dividing by £4/4 we have
| Wale) e+2m®u(de) < 4M(6)

which completes the proof by letting ¢ go to zero |}

Let us emphasize that the above bound does depend on 4.
Proposition 2. Every stationary measure of P’ satisfies (1.14). §
Proof. An easy limiting procedure yields

t
Pl tOn=c @nt [ PGe 2 ds
0

if e>0 and J > 0, and both sides are uniformly bounded on Q, thus we can
integrate with respect to y; the result is just | Ge " dy =0, which implies
the statement by the argument of Lemma 3.
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Now we are in a position to manifest the ideas outlined at the end of
Section 1. Many technical details follow Reference 4.

3. THE TEMPORAL DERIVATIVE OF FREE ENERGY

In addition to previous conditions, from now on we are assuming
(1.6), too, while (1.4) and (1.5) are used mainly via (1.14) only. The
notation introduced in the introduction and Section 1 will be used without
any reference. Since g,(w, )€ C3,, we have | Gg,(w, @) u(dd) =0 for each
weQ if pis a stationary measure of P’ (cf. Theorem 1 and Propositions 1
and 2). Consider now a twice continuously differentiable and bounded
f:10, +0) - [0, +00) such that 0 < f’(x) < 1/x, then by means of (1.14)
we obtain

[f f< i )> G, (0, &) u(dd) dyeo =0 @3.1)

and the Fubini theorem allows us to change the order of integration. We
shall let /" — 1/x, then (3.1) will turn into (1.15). Our crucial trick is the
following one. Since g, is a function of w — @, we have

Vﬁk g,,(CU, C{_)) = —Vpk gn(w’ (D) and qu gn(w: CL_)) = _qu g,,((U, Cl_)) (32)

thus we can replace the operators V,, and V. appearing in G by V,, and
V .. respectively, therefore we can integrate (3.1) by parts. The case of p, is
really nice because G, satisfies the equation of detailed balance, and
unpleasant terms containing V , can be eliminated by means of the identity

(Pe— Pr) qu gulw, @)= (g, —qy) Vpk g.(0, ®) (3.3)

More exactly, the contribution of one term of G, to the left hand side
of (3.1) reads as

autn )= ([ (242)) (193 8,00 0) = 5V, 8.0, @)] dy u(do)

_J‘J‘ f, <Z£><Vpk ?) [TVpk En +p_k gn] dnw ,u(d(Z))

n

= —TF(n, f)+ Ryln, o) (34)

where

() wl0)
Futn £)=[ (22 (v, 22 2y (0) dyo (5)
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Rutn o) =[] (S )V 2505

Indeed, putting p, = p, + (pr— pi), the second expression, R, appears
immediately. To recognize F,, it is sufficient to notice that

[ Vo 2,0, @) () = V o0, (0)
and

Vpkz ()
Z,(w)

The step of integrating by parts will be justified a little bit later. The con-
tribution of one term of L is

pr=—-TV, logz,(0)=~-T (3.7)

Bun 1) = [[ 7 (2420 eV (0. 0) = (@) Vi 0. )] dyoo ()

(3.8)
where
crlw) =V  H(o)=ciw, n)+ b o, n) (3.9)
blw,m)=3%. Ulqr—q)) (3.10)
J &€ Si\An
crlw,n)y= —-TV  logz,(w)= — Y%)—) (3.11)

Using first (3.9), (3.2), (3.3) and the decompositions j,= p, + (1 — Pi)
cp(@, n)=ci{w, n)+ [cp(d, n) —cx(w, n)], and then integrating by parts
we obtain that

Bi(n, fy=TJ(n, )+ Gi(n, f)+ Ryp(n, 6) + Ryi(n, ) (3.12}

where

~ n V n V n
Jk(”:])=jf(:l—>li 2 ez, ke V,,kzn] d,w

n Zn n

[ () ()
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Fe) =] sy dy (3.13)
Guln, )= ~|[ f< o )( "(“’))
x b, (@, n) g (0, ®)d,» u(dd) (3.14)
rutno= = (35 2555)
X (4= G1) &0, &) d, 0 p(dd) (3.15)
Rasn, )= [ 1 (22)(V,6 2) et
— e @, m)] g,(, ) d,o (dd) (3.16)

therefore (3.1) turns into
AT Y Fn, f)=Y Gunm H+ Y Z Ry(n, o) (3.17)
keAdy, ke By ked, i=1

The rigorous proof of (3.17) as well as its upper bound is given in the
following lemma.

Lemma 4. We have a universal constant X such that

AT 3 Fm)<K Y, [F(m)]+ Z [F(n)1'?

kedA, ke B, keA,,

for each n and ¢>0. |

Proof. First we show that the quantities introduced above make
sense. Equation (1.14) and the Cauchy inequality are the main tools.
Observe that a logarithmic derivative is hidden in F,, thus

Fin =[5 (2)(Vutos2) wdoshon  i3)

as 0 < xf'(x) < 1; the condition of equality is just f(x)=1og x. Moreover,
the concrete form of g, implies #,(w)>0 for all weQ, and
IV 14, <9 /0 u,, thus
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V., u 2 2
Fen) = (L"— +’i]§> u, d,o < 16za+?5jp,§un d,w
un

2 _ 4 - _ _
<1620+ [ p2u(d) + 7 [[ (pe— 5 gul@, @) dyoo pu(dd))

AM 4
<1626 + o 4 2

T2 +T2—O‘_3 (3.19)

where M is the universal constant coming from (1.14), while
+o r+0
o= [ Tdr+it+pr+a) Cdpdg

¢ is the normalizing factor of g,,.
Since f'*(u,/z,) Un/z, < f'(u,/z,), the Cauchy inequality yields

1/2
R, 0) < F200 1) | ] (p= 5 (0 0) dyo ()|
<§ Je FV(n, f) (3.20)

Rl 0)<2 /s FYPn, ) (3.21)

follows in the same way. The case of R, is a little bit more complicated,
this is the point where (1.6) is needed. We have a family of random
variables, L, = L,{(w), k€ .S such that

Lew,m)—ce(@, M) P <L(@) Y, [(g,—3)*+(q,—)*] (322)

je Ay(k)

and comparing (1.6) and (1.14) we see that ij(d))u(da‘))sM for each
ke S, provided that M is large enough. Consequently

Ry(n, 0) < [Mcard A,(k)(c,0 ™%+ co0 )12 Fi(n, f)  (3.23)
where et
=] [ Teqtt+a7+p) 0 dpdg

—w Y-

Finally, again by (1.4), (1.14) and by the Cauchy inequality

1/2
Guln, )< F(n, f) [ [ b2(, m) u(da‘»)]

< [Mcard S, n 4,12 FY2(n, f) (3.24)
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In view of these estimates, to complete the proof it is sufficient to show
that the boundary terms appearing at the steps of integrating by parts
vanish at infinity. More exactly, collecting the analogous terms together,
and exploiting |V, g,/ <9 \/; gn 0<f(x)<C and 0< f(x) < Cx, these
problems reduce to

lim m a0, ) g, @) [[ dp, [] dg;u(dd)=0  (3.25)
P £ k#tjed,  jedy
where a (@, @) =1+ || + g, — Gl + 1bilo, )| + |cilw, n) — ci(@, n)| +
|ci(w, n)|, and to
tim ([ 1pil g, @) T] dp; T dgyuidd)=0  (3.26)
9k £ jeAn k+jed,
It is plain that g, —0 as p, — too. Observe that g, as a function of p,
attains its maximum at p, = p,, while a; does not depend on p,, thus an
easy calculation shows that the convergence of g, mentioned above is
actually a dominated one, which proves (3.25); the proof of (3.26) is the

same.
Comparing the results of this section we obtain that

AT Y Filn, /Y<K Y, F¥(n, f)+§ Y. Fi(n, f) (3.27)

ke Ay, ke B, kedy

Since Fi(n, f) < Fi(n), (3.27) implies Lemma 4 by letting f go to log x in
such a way that f'(x) — 1/x, while 0 < xf'(x) <1 remains in force. }

Now we are in a position to conclude Theorems 2 and 3.

4. EVERY STATIONARY MEASURE IS A GIBBS STATE
We start with an easy consequence of Lemma 4.

Lemma 5. The conditions of Theorem 2 imply that
liminf, , , Fi{n)=0 for each ked,. |

Proof. Let b,=card B,, c,=card 4,, and consider

X(n,0)= Y, Fi(n) 4.1)
O(n,a)= 3 Fyn) (4.2)
Z(n, 6)=Fy0)+ 3 X(n, o) (4.3)

r=1

Lemma 4 and the Cauchy inequality result in

ATQ(n, o) <K /b, X*(n, a)+§ Jen 0V (n, o) (4.4)
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whence, as X(n, 6) < Q(n, o), we obtain that

Q(n, o) [/1 T\/_+l T\/'} (4.5)

On the other hand, u,(w), n=0, 1, 2,... is a compatible family of probability
densities, thus denoting by u, the underlying probability measure, and
taking into account that

Feln)=| [—-f%#ﬂ 1, (do) (46)

the Jensen inequality yields

F (r)<Fn) if r<n (4.7)
Therefore we have
(AT Z(n—1,6) Z(n, 0) < (AT)? Z*(n, o)

<2K*,[Z(n,6)—Z(n—1,0)] + R(n, o) (4.8)

where R(n, o) — 0 for each n as ¢ > +00 (see (4.5)). Suppose now that
lim inf, Z(n,o)=2¢>0 for n=n,, then we have a o, > 1 such that

g — +oC

Z(n,0)>0if n=n, and o > o,, thus (4.8) turns into

ATV b, ' <2K*[Z ' (n—1,0)—Z ! (n,0)]

+ R(n,0)b,'Z ' (n—1,0)Z " (n, 0) (4.9)
for n> n,, consequently
N
(ATY ) b7 <2K*Z '(ng,0)~Z"'(N,0)]
n=ung+1

N
+ Y Rmo)b'Z Yn—1,0)Z '(n o) (4.10)
n=ng+1
Since 3. b, ' = 400, we can choose N to be so large that the left hand side
of (4.10) exceeds 2K*/¢, but letting then ¢ go to infinity a contradiction is

obtained, ie., liminf, , ,  Z(n, 0)=0, whence the statement follows by
(44) and (4.5). 1

The translation invariant case is somewhat simpler, but the result is
the same.

Lemma 6. Under the conditions of Theorem 3 we have
liminf, _, . F,(n)=0 for each k and n. |



44 Fritz

Proof. Condition (1.3) was used only at the end of the proof of
Lemma 5, thus (4.4) and (4.5) can certainly be applied; we obtain

(AT)* Y. Fin)<2K%b,+2K*s%c, (4.11)

ke,

Since pu is translation invariant, we have F,(r)<F,(n) whenever
A,(jk~Yc A,. Indeed, the finite-dimensional distribution of the variables
(pi»q:), ied,(jk~ ') is the same as that of (p;, q,), i€d,, thus the
statement follows by the monotonicity property Fi(r)< F(n), r<n, con-
sequently

ATV ¢, 1 Fu(r) <2K%b, +2K%c %, (4.12)

whence (AT)? F,(r) <2K%s =2 follows by (1.2), which completes the proof
of Lemma 6. |

The next step is to show that our u has Maxwellian velocities of tem-
perature 7, ie, the ratio u,(w)/z,(w) becomes independent of p, as
g— +00.

Lemma 7. Ifliminf, , . F.(n)=0 for each n, then we have
| Peo(©) p(d) =T [ V(@) pldo)

for each bounded cylinder function ¢ such that V, ¢ is continuous and
¢(w)=0 if | p,| is larger than a certain constant. |

Proof. Since g, 1s a singular integral
T[Vuo()udo)= lim T[(Vup@)u@)do  (413)
if n is large enough, while

T | (V,00(0) (@) pldo) = =T [ ¢(0) V et (@) d,o

= [ co(®) u(0) dyo

— TJ o(w) (V”—ukuf +‘D—Tk> u(w)d,0 (4.14)

n
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therefore, as

[ ot (2242 ) d,0
u, T

1/2
<|[o@uan | e @)

the statement follows by letting o go to infinity along a sequence for which
Fi(n)—>0. 1

Applying this lemma to the function ¢(w) exp(pZ/2T) we get

[ (Voco(@)) exp(p3/2T) w(dew) =0 (4.16)

thus the following lemma implies that the conditional density of u given g,
and (p;, q;) for j#k is proportional to exp(—pz/27).

Lemma 8. If p is a o-finite measure on R and | ¢'(x) p(dx) =0 for
each continuously differentiable ¢ of compact support, then p is a multiple
of the Lebesque measure. |

Proof. We have a nondecreasing function p=p(x) such that
[ o'(x) pldx)={ ¢'(x) dp(x) = —[ @"(x) p(x) dx =0 whenever ¢ has two
continuous derivatives, which is possible only if p is a linear function; see,
e.g., the Weyl lemma in [11]. |}

The conditional distribution of ¢, will be found by means of

Lemma 9. If y satisfies (1.14) and fG(p(co)u(dw) for all pC3,,
then the conclusion of Lemma 7 implies that

| (VoeHil)) 0() ptdw) = T [V ep(e) p(deo)

whenever ¢ € CZ, does not depend on p,. |}

Proof. In view of Lemma 7 we have [ G,¢(w) u(dw)=0 if peCZ,.

Thus applying G to ¢(p,) ¢(w), where ¢ € C2, does not depend on p,, we
obtain that

[ ¢ (0 Hi@)) () wdw)= T [ 6(p0) o) pdo) — (417)

jesS
which implies the statement by letting &(p,)— p, in such a way
that ¢'—1. Indeed, then [ p,d(p;)o(w)u(dw)— T | pu(dw) and
fqu‘)(_pk) ¢(w) p(dw) — 0 because (4.16) implies that p, is independent of
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all of the other coordinates, and its probability density is just
(2nT)~"* exp(—pi/2T). 1

Applying this result to ¢(w)exp(H(w)/T), where ¢ e C3, does not
depend on p,, we obtain that

[ (Vaw(e)) exp (7. Hut) ) uld) =0 (@.18)

therefore Lemma 8 implies that the conditional density of g, given (p;, g;)
for j#k is proportional to exp(— H,(®)/T), which completes the proof of
Theorems 2 and 3.

Remark 1. The crucial point of this version of the free energy
method is the choice of the singular kernel g,,, in particular, (3.2), (3.3) and
the boundedness of the logarithmic derivatives are the most relevant
properties. There is another possibility, namely, the transition density of
the partial dynamics w™ = () corresponding to S= A4, can be used in
place of g,. In this case the correspondence between the forward and
backward Kolmogorov equations plays the role of integration by parts.
This method seems to be more general than the present one, but it is not
easy to get the necessary bounds, partly because the Kolmogorov
equations are degenerated parabolic equations in this case.

Remark 2. The second critical step is to find a suitable couple of
Liapunov functions (Q, W) to derive the necessary moment conditions for
arbitrary stationary measures. The present solution is based on the very
particular structure of (1), and the presence of an at least quadratic exter-
nal field is needed.
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